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Abstract 

CIhI The renormalizability of the three dimensional supersymmetric CP^~^ model is discussed in 

(— I I the 1/A^-expansion method, to all orders of 1/A^. The model has N copies of the dynamical field 

and the amplitudes are expanded in powers of 1/A^. In order to see the effects of supersymmetry 

^N ' explicitly, Feynman rules for superfields are used. All divergences in amplitudes can be eliminated 

\^Q ' by the renormalizations of the coupling constant and the wavefunction of the dynamical field to 

O . all orders of 1/A. 

in ■ 

ff^ ' The beta function of the coupling constant is also calculated to all orders of 1/A^. It is shown 

that this model has a non-trivial ultraviolet fi 
higher order correction in the 1/A-expansion. 



Tij" ■ that this model has a non-trivial ultraviolet fixed point. The beta function is shown to have no 
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1 Introduction 

Three dimensional non-linear sigma models are perturbatively non-renormalizable according to the 
power counting. The reason for this is that non-linear sigma models have an infinite number of 
interaction terms in the action. In three dimensions, a scalar field has mass dimension f/2. There- 
fore, coupling constants of interaction terms involving more than six scalar fields has negative mass 
dimensions. This implies non-renormalizability in perturbation theory. 

Some supersymmetric nonlinear sigma models were, however, argued to be renormalizable in three 
dimensions by the renormalization group method [Ij. The supersymmetric CP^~^ model is one of 
the candidates. The CP^~^ model is a non-linear sigma model on the complex projective manifold 
CP , which was first introduced by Eichenherr [2]. The supersymmetric version of the model was 
formulated by introducing an auxiliary gauge field O HI [5] . 

The renormalization group method is one of the powerful methods which can reveal the non- 
perturbative property of the theory. The renormalizability in the renormalization group method is 
equivalent to the existence of a non-trivial ultraviolet (UV) fixed point of the theory. In the renor- 
malization group analysis in [T], however, the effective action is expanded in powers of derivetives 
on spacetime and approximated by truncating at the second order of derivaties. Although this ap- 
proximation is valid in the low energy scale region, it is not obvious in high energy scale whether the 
approximation is valid or not. 

The existence of the UV fixed point of the three dimensional supersymmetric CP^~^ model is also 
shown by the 1/A^-expansion method up to the next-to-leading order [SI [7]. In the 1/A^-expansion, 
we expand amplitudes in powers of 1/A^ instead of coupling constant, where N is the number of 
fields involved in the theory. In general, each term of 1/A^ expansion corresponds to a sum of infinite 
number of Feynman diagrams in perturbation theory. Therefore, the 1/A^-expansion is an another 
powerful non-perturbative method. Indeed, it was argued that the three dimensional nonlinear sigma 
models and its supersymmetric versions are renormalizable, order by order in the 1/A^ expansion 
[8l[9]. In the reference [6l[7], the beta function of the coupling constant was explicitly evaluated by 
using Feynman rules in the component field formalism. It was shown that there is no next-to-leading 
order contribution of 1/A^. Because of super symmetry, contributions of bosons and fermions cancel 
each other in the next-to-leading order of 1/N . There might be, however, contributions of higher 
orders of 1/A^. 

In this paper, we study the three dimensional J\f = 2 supersymmetric CP^^^ model and show 
that in the 1/A^-expansion there is no higher order correction to the beta function in this model. We 
also show explicitly that all divergences can be eliminated by the renormalizations of the coupling 
constant and the wave function of the dynamical field <I>, namely the renormalizability in the method 
of 1/A^-expansion. In order to keep the manifest super symmetry, we use Feynman rules for superfields, 
which we call "super Feynman rules". For example, a chiral superfield $(x, 9, 0) can be expanded in 



terms of component fields as 

where y^ := x^ + ^6j^9. Therefore, if we know the two point fmictions of component fields, we can 
costruct the two point function of superfield <I>(x, 9, 9) from them. Using this propagator of superfield, 
we can explicitly see the cancellation due to supersymmetry. 

In section 2, we review a part of the argument given in ^. For the 1/A^-expansion, it is useful 
to introduce an auxiliary field in the action. Although the auxiliary field has no kinetic term in the 
classical action, it acquires quadratic terms in the effective action induced by the quatum fluctuations 
of the dynamical field. When the auxiliary field is introduced, the path integration over the dynamical 
field becomes a gaussian integral and can be performed easily. After performing the integration over 
the dynamical field, we obtain the action with respect to the auxiliary field, which is proportional to 
N. Therefore, the 1/A^-expansion turns out to be the loop expansion of the auxiliary field. This is 
the reason for introducing the auxiliary field. 

We evaluate the effective action to the leading order of 1/A^ to study the vacuum structure of the 
model. The model turns out to have two phases, "symmetric phase" and "broken phase". The global 
SU{N) symmetry is spontaneously broken in the broken phase, while it is unbroken in the symmetric 
phase. The supersymmetry is unbroken in both the symmetric phase and the broken phase. In the 
leading order of 1/A^, the effective action has a linear divergence which can be eliminated by the 
renormalization of the coupling constant. 

In section 3, we evaluate the propagator of the chiral superfield $ in the symmetric phase, which 
can be obtained by combining the propagators of component fields. We call this propagator of super- 
field "superpropagator" . After we modify the chiral superfield <I> by some similarity transformation, 
the superpropagator can be written by using differential operators on superspace. These differential 
operators can be obtained by modifing ordinary supercovariant derivatives Da. Da. We call these 
differential operators "twisted covariant derivatives". 

In section 4, we first evaluate one-loop diagrams of the dynamical field, which induce the inverse 
propagator of the auxiliary field in the effective action. Using the superpropagator of the dynamical 
field, we can easily calculate the one-loop diagrams by a partial integration over grassmann coordi- 
nates. From the inverse propagator of the auxiliary field, we secondly evaluate the propagator of the 
auxiliary field V, which can be written in terms of ordinary covariant derivatives Da,Da- 

In section 5, we study divergent diagrams and the renormalization. We first evaluate the superficial 
degree of divergence and find that divergent diagrams can be classified into two types. We show that 
all divergences can be eliminated in each order of 1/A^ by renormalizations of the coupling constant 
and the wave function of the dynamical field. In the last subsection, we evaluate the beta function of 
the coupling constant. In the 1/A^-expansion, there is no contribution to the beta function except at 
the leading order. We find that this model has a non-trivial UV fixed point. 



Throughout this paper we work in three dimensions with metric rj^i, = diag (+,—,—). 

2 CP^^ model 

2.1 Action of the CP^^^ model with the auxihary field 

The action of the CP^~^ model involves a set of A^ chiral superfields 'I'-' (i = 1 ~ N) and one vector 
super field V: 

S = ld^x(PeU^^e-^^^ + cV\ (1) 

where c is a coupling constant and we define 

I (fe := [(fecPe , jcPe e^ = IcPee'^ = 2. 

This action has N = 2 supersymmetry, U{1) local gauge symmetry, and a global SU{N) symmetry. 
In appendix A, J\f = 2 supersymmetry in three dimensions is reviewed. 
The local gauge transformation is 

$i ^ e'^<^^ , ^^^ -^ e-'^^ $^t , y ^ 1^ + A + A^ 

where A is any chiral superfield. Although V itself is not invariant under this transformation, the 
following term 



/ 



(f9d^e V 



is gauge invariant. 

The equation of motion for V 



is solved for the auxiliary field V: 

V = \og(^^^^A -logc. 
Therefore we can eliminate V from the action: 

s = c fd\d^e log f^-^'i'^^) , 

which reduces to the action with the Fubini-Study metric if we fix the gauge symmetry by ^ = 1. 
Note that Jd'^O log c = 0. 

For the 1/A^ expansion, the action ([T]) is more convinient than this action. 

In terms of component fields, $ can be written as 

$^(x, e, 9) = (t>{x) + Oipix) + le'^F{x) + ^ M)(t>{x) - ^e^\e^ij{x)] - ^e'^e'^d%{x) 
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and if we choose the Wess-Zumino gauge, V can be written as 

v{x,e,e) =eij{x)e + M{x)ee + ]- [e'^e\{x) + e'^e\{x)\ + ^eWD{x). 

Then the action ([T]) becomes 

S = fd^x {d^(l>>*d^'(tP + iiij^^ip^ + F^*F^ - [i {(l>>*d^(iy> - (fPd^cIyi*) + ^VV'^] v^ 



2.2 Vacuum structure of the CP^^^ model 

To investigate the vacuum structure we have to calculate the effective potential. We divide the 
dynamical fields into the vacuum expectation values and the quantum fluctuations: 

ctP =ctP, + ctP^ , ij^=i;{ , F^=Fi + F^ 

where 

</^, = (0^-> , F^ = {F^) 

are constant modes independent of space-time and (tp-^) = because we assume the translation and 
Lorentz invariance of the vacuum. Qunatum fluctuations satisfy f (j)"^ d^x = f '^^id^x = J F^d^x = 0. 
Then we perform the path integration over (j)q,ijjq,Fq. 

We can first perform the gaussian integral over Fq and find that the effective potential for F^ is 
Fc*Fc . Therefore F^ does not have the vacuum expectation value: 

Fi = 0. 

Then we integrate out <j)q and ipq. Notice that the Lagrangian can be written as 

C = cj>>g*{-{df, + iv^){d^' + iv^')-M^-D}cj)i + mi^-^-M)i;i 

+cD -4*{i idf.v") - yf'v^ + M^ + D}4 

where surface terms are ignored. We shift the integration variables ipqj^pq: 

i^'i ■.= i^l + {i^-f-M)-^4Pq\ , ^'^■.= ^ + 4y'*\{i^-i!-M)-^, 

then we find 

C = 4*{VB-XVp'X)4y'q + i^'^VFi^'q' 

+cD - 4*{i {d^v'') - vf'Vf, + M^ + D} 4 



where 

Vb ■■= -{d^ + w^){d^' + iv^)-M''-D 
Vp := i^-i)- M. 

We perform the gaussian integration over (l)q,ipq and obtain the effective action for the dynamical 
fields, where the auxiliary fields are treated as the external background fields: 

Ses{(l)c;v,M,X,D) = iNTvln{VB + XVp^X) -iNTvlnVp 

+ fd^x [cD - 4*{i {df.v") - yf'v^ + M^ + D} 4] 

To obtain the exact effective potential for both the dynamical fields and the auxiliary fields, we 
have to perform the path integration over the fluctuations of the auxiliary fields. In this section, we 
calculate the effective potential in the leading order of the 1/A^ expansion, and we take c = N/g'^ in 
order to make the Lagrangian of order N. 

If we take the limit of iV -^ oo, the path integration over the auxiliary fields can be performed 
by the saddle point method since the S^fi is of order N. In the leading order of 1/iV expansion, the 
effective potential is given by the value of Scs at the saddle point. 

We take the vacuum expectation values of the auxiliary fields as follows: 

{v^^) = {X) = , {M)=M, , {D) = D„ 
where Mc, Dc is constant fields. Then we find 
SeS = - I d^x VcE 
^ = -^/'^lnH^ + M,^ + D,^)+./'^trln(^-M.) 

= -^ Wc +Dc^ + \ 1^/ + ^ (^c + D^) 4*4 + (^ - ^) Dc (3) 

where A is an ultraviolet cutoff and the last equality is shown in appendix B. Then we define a 
renormalized coupling constant gji to absorb the linear divergence: 

9r ' g^ 27r2 ^ 27r2 
where /i is a renormalization scale and gji is demensionless. Then we define m as follow: 

m _ / 1 1 \ _ A 1 



which is independent of the renormalization scale /U. 



With these definitions, the effective potential can be written as 

N 
The saddle point condition of Scs is 
1 dV,s 



N 



Gtt ' ' 67r N ^ ^ 47r 



N dMc 
1 g^ff 

N d^f 



-2Mc ( -^ IM^ + dJ 2 _ i |Mc 



^^r^/'^c 



f: 1 1 YD 



^(M.^ + ^c 







(4) 

(5) 
(6) 



where e = sgn(M^ + Dc) ■ The first two conditions fix the value of Mc at the saddle point 

\Mc\ = m or 0. 

So there are two candidates for the vacuum configuration. We will evaluate the values of T4ff at these 
two configurations. 



\Mc\ = m case: Notice that this case is possible only when m > 0. The equation ([6]) can be solved 



for j^(f)i*4>i as follow 



]_AJ%J - 1_ I M^ + n Vi - — 



Substituting this and \Mc\ = m to dl]), we find 

Kff 1 



N 



12tt 



M^ + Dc\^ -m' 



And we can also solve the constraint ([6]) for M^ + DA'^: 



Wc+DA^ 



m + 






Then we obtain the vacuum energy when (pc is kept fixed 



K 



eSWc) 



N 
12^ 



Air ■ 

— ^*0c + "^ 



N 



m 



(7) 



Assuming m > 0, the minimum of this vacuum energy is located at (pi = 0. Then ([6]) implies Dc = 0. 
Since (pc and Dc are the order parameter of SU(A^) and supersymmetry respectively, both SU(A^) and 
supersymmetry are unbroken in this case. The fact that the minimum vacuum energy is exactly zero 
also implies supersymmetry is not broken. 



N 


47r ,-^ . 


127r 


-<PiWc + m 



Mc = case: Substituting ^ and Mc = to the effective potential (jl]), we find 

And by solving the constraint Q for |I?c|^ and substituting it to this equation, we obtain the vacuum 
energy 

/\/ /I TT 

Ves{4>c 

If ?n, > 0, the minimum of this vacuum energy is located at (/>c = and larger than zero, and therefore 
the true vacuum is located at M^ = m. On the other hand, if m < 0, the minimum is located at 

■ • N 

then ^ implies Dc = 0. Therefore supersymmetry is not broken while SU(A^) symmetry is sponta- 
neousky broken in this case. The minimum vacuum energy is again exactly zero. 

In summary, in the case of ttt. > which we call the "symmetric phase" , both supersymmetry and 
SU(A^) are unbroken, and (pi = Dc = 0, \Mc\ = m at the vacuum. On the other hand, in the case of 
m < which we call the "broken phase" , supersymmetry is not broken while SU(A^) is spontaneously 
broken, and (pi = -^ \m\ , Mc = Dc = at the vacuum. 

3 Propagator of the dynamical field 

In this section, we will evaluate the propagator of the dynamical field ^^ in the symmetric phase. We 
first evaluate the propagators of the component fields (f)^ , ip^ , F^ , and then we construct the propagator 
of the superfield ^^ . 

3.1 Propagator of the component fields 

In the symmetric phase, we redefine M as follows 

M — > M + m 

so that (M) = 0. Then in the Lagrangian, the kinetic term for the dynamical field becomes 

>Ckin = <A''*(-52 - m^) (jy> + i)^{i^ - m) tj)^ + F^*FK 

Notice that although the dynamical field obtained the mass m, neither supersymmetry nor SU(A^) 
symmetry is broken in this phase. 



Defining the Green's function 

Af{x - x') := (-9^ - m^ + ie)~ 5 [x - x') , 
tlie propagators of (j)^ , ip^ and F^ can be written as 



(P^ (x) (j)^* {x')) = i6^''AF{x-x') 



V'^'"(x)V^^(x')) = iS^'' 



k* / ^l\ 



FHx)F''* X' 



All other two-point functions vanish. 



[i^ — m) 5 {x — x') 

i5^^ {i^ + mfp Af{x - x') 

i5^^5 {x - x') 

i5^^ {-d"^ - m^) Af{x - x') 



3.2 Superpropagator of the dynamical field 

Using these component propagators, we can construct the propagator of the superfield ^^ which we 
call the "superpropagator" . 

Since the superfield ^^ can be written in terms of components as 

^^{x,e,9) = clyi{y)+ei,^{y) + U^F3{y) 

where y^^ := x^ + ^Oj^O, the free-field two-point function of ^^ becomes as follows: 

<^\x,9,e)^^\x',9',e') 

If we note 



</'^(y)</''*(y'^))^ + (o^'iy) ^"'V^'(^'0)o + \^'^" {F'{y)F^*{y'^ 



e^^iy) 9'i^^y' 



\lkLA 



V'-'"(y) i'Uy')) ~^'^ 



then we find 

'^\x,e,d)^'^\x',d',e'\ 



1 + (i^ + m) 0' + \Q^e''^ (-a^ - w?) 



AFiy-y 



i6^^ 



= ^6^>^e'^''^-'"'r AF(y-y'^ 

In the last line, we use the equation [0 [i^ + m) ^'] = -^(f'Q''^ (—9^ — m^) , which is shown in appendix 
C. Recalling y^ = x^ + ^9^f^9 and noting that 9 {i0 + m)9' = —9' {ilf) — m) 9, then we find 



<^^{x,9,9)<^^\x',9',9'] 



i§jk^-s'(i<p-m)e+^,e(/)e+ 



,.r- • ¥'W 



Af{x- x') 



In niomentuni space, this becomes 

\ / p^ — m'^ + ie 

All the propagators of component fields are combined in this superpropagator. 
Since we redefine M as M — > M + m, the action becomes 



We define $•?, ^-^t by 



then we find 



S = fd^x (fe (^^te-rneeg-v^j ^ ^y\ 



$i := e"^™^^^-'' ^^^ := e"^"'^^$-'"^ 



and the propagator of ^^ becomes 

np,o,e) ^^\-p,e',e')) = ,-^iM'MM'^'^'iM'' —-± — 5^K (lo) 

/ v^ — m^ + ie 



p^ — m^ + ze 

Hereafter, we will use $-^, ^^i as the dynamical fields instead of ^^ , $^i. 

3.3 Twisted covariant derivatives 

Since the expression (|1U|) is slightly complicated, we will rewrite it in terms of differential operators 
on superspace, obtained by twisting Da,Da. We call them the "twisted covariant derivatives". 

We first review the propagator of the ordinary massless chiral superfield. Although the Lagrangian 

^Tu!T' = i'd^e ci>ta> (11) 



does not have any time derivatives, the constraint D^^ = contains a time derivative and leads to 
the non-trivial propagation of $. From the Lagrangian (jlip . we can show that the propagator of $ 
becomes 



'Hp,e,e) <^H-p,9',e')) = ^^^--^'P^\ep^¥P' _ (12) 

\ ^ ' ^ wo p^ ^it 

It is known that this is equivalent to the following expression [101 W\\ [T2] : 

U{p, 0, 0") cDt (-P, 0', W) ) = -^^ ■ \D{pfD{p)H^'^ [e - e') (13) 

where D{p) and D{p) are the covariant derivatives in momentum space: 

9 



and we define 6^^' {9 — 9') := ^{9 — 6') [9 — 9'^ . We can show this equivalence of the equations (|12|) 
and p^ through a straightforward calculation. For the calculation of a loop diagram, the expression 
()13p is more useful than (J12p because we can perform the integration by parts in supersupace. 
We now look for a constraint for $ such that 

Ea^ = 0. 

Since ^{x,9,9) = e-^"'^''^{x,9,9), we impose E^ e"^™^"^ = e'^'^^^Da, namely 

E^ := e-^'^^"^f'„e+^™«"^ = D^ + ^m9a. (14) 

We define E^ by the same similarity transformation of Da '■ 

Ea := e-i™^"^L»„e+^'"^"^ = Z)„ + ^m^„ (15) 

Secondly, we define another set of differential operators Ha, Ha as follows: 

Ha ■— e 2 Uae 2 — Ua — -mUa, 

Notice that the sign in front of m is opposite to (|14|) and (|15|) . We call Ea,Ea and Ha, Ha the 
"twisted covariant derivatives'. Then we can rewrite the expression (jlOp through a straightforward 
calculation: 

^'ip,9,9) ^''\-p,9',9')) = 5^^- ^^-- • \E{pfH{p)H^^{9 - 9') , (16) 

where 

H{p)a= D{p)a- -m9a , E{p)a = D{p)a + -m9a. 

In appendix D, the derivation of 

\E{pfH{p)H^') {9 - 9') = .^^iM'MM'+'^'iM'' (17) 

is shown in detail. 

3.4 Property of the twisted covariant derivatives 

In the previous subsection, we defined the "twisted covariant derivatives" Ea,Ea and Ha, Ha- We 
now investigate the property of these differential operators in detail. 

We first study Ea and Ea- We can easily show the anticommutation relations of Ea,Ea are those 
of covariant derivatives: 

{E^,Ea}=irp , {E^,Ef,} = {E",Efs}=0. 

10 



They are indeed supercovariant derivatives when they act on ^^ , ^•'^. To see this exphcitly, recall the 
definition of the "twisted chiral superfield" ^^ = e~2™' $■?. Under the infinitesimal supersymmetry 
transformation, the chiral superfield <1> transforms as ^^ -^ [l + ^Q + ^Q^^^ where ^,f are the 
transformation parameters. So the transformation law for the "twisted chiral superfield" ^^ becomes 
as follows: 



$J ^ e-2"''"'(l + ^Q + ^Q)e+2^''''^^. (18) 



If we define 



R^ := e--2'^'' Q^ €+-2"^'' = Qa - ^me^, 

the transformation law (jlSh can be written as ^^ -^ [l + ^R + ^Rj^^. We call Ra,Ra "twisted 
supercharges" , which of course satisfy the anticommutation relations 

{R'',Rf3} = -irp = {Q'',Qf3} , {R'',Rf3} = {R'',Rp}=0. 

Supersymmetry transformations for twisted chiral superfields $■?, $■'1" are generated by Ra,Ra- 
We can show explicitly that twisted covariant derivatives Ea,Ea anticommute with Ra,Ra'- 

{E<',R^} = {E'',Rp} = {E",Rp} = {E^,Rp} = 0. 

Therefore Ea,Ea are indeed supercovariant derivatives when they act on ^^,^^'. We now find that 
the "twisted chiral condition" Ea^^ = is supercovariant. The "twisted anti-chiral condition" for 
^^^ becomes 

Ea^^^ = 

and also supercovariant. 

On the other hand, another set of twisted covariant derivatives Ha and Hq, do not anticommute 
with Ra and Ra- The anticommutation relations are 

{H'',R,3} = -imd^p , {H'',Rp} =im6''f^ 

{H^.Rp} = {H'^,Rp]=Q 

and therefore Ha, Ha are not supercovariant derivatives when they act on ^^,^^'. However, since 
the only difference between Ha, Ha and Ea, Ea is the sign in front of m, Ha, Ha are supercovariant 
derivatives when they act on 



11 



while ^^ = e~2''"^^<I>-' and ^^^ = e~2™^^$.?'t. go there are two ways of "twisting" and we can define 
two sets of twisted superfields (twisted supercharges) and twisted covariant derivatives which are 
distinguished by the sign in front of m. 

Anticommutation relations among supercovariant derivatives in different sets are as follows: 

{E'',Hp} = {E^,Hp}=0, 

which will be used frequently in appendix E to show useful formulae for loop calculations. 

In the following, we will show a useful formula for the propagator of the dynamical field. 

Note that the only difference between Ea,Ea and Ha, Ha is the sign in front of m. Therefore, by 
replacing Ea and Ha with Ha and Ea in the equation (J17p . we find 

-H{pfE{p)H^^^ {e - e') = ^'^i^+^-y+¥{^+^-y+W{^+n.)e' ^^g^ 

If we replace 9, 9 with 9', 9', we find 

-H'{pfE'{pf6('\9' -e)= ^-e{i>+r-)e'+\-e'{i^+rn)e'+Y^{i>+ra)e ^ ^20) 

where E'{p),H'{p) stand for twisted covariant derivatives with 9', 9'. Recalling the definition of 
twisted covariant derivatives 

H'{p)a = -^ + l ma - ^-^« ' E'{p)a = -^a+\ i^a + ^-^"«' 

we can exchange H'{p) and E'{p) by the following replacement: 9' <^ 9', m ^ —m. Therefore by 
replacing 9 <^ 9, 9' <^ 9', m — > — m in the equation ([^Uj). we find 

-E'ipfH'{pf6^''\9' -9)= ^-o{i>-m)-e'+\e'[i>-m)-e'+\e{i>-m)-6 ^ 
Then, at last, using the fact that 9^9 = —9j)9 and m99 = m99, we obtain the following result: 

^E'i-pfH'{-p)H^''\9' -9) = ^-s'{i>--y+¥'{i>-''ny+¥{i>-m)e_ 

Since the right-hand side is the same as that of ()17p . the equation (I16p can be written as 



l>^- {p, 9, 9) l.'^t (_p, e\ 9') ) = 5^'- ^^^ • \E{+pfH{+vf^^'^ {0 - 9') 



^JA 



.\E'{-pfH'{-p)H^'^\9-9'). (21) 



We will use this formula in the calculation of the loop diagrams of the twisted chiral superfield. 
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4 Propagator of the auxiliary field 

In the previous section, we studied the propagator of the dynamical field. In this section, we will 
investigate that of the auxiliary field. Although the auxiliary field has no kinetic term in the classical 
level, the effective action contains the quadratic term of the auxiliary field induced by quantum effects 
of the dynamical field. We use the quadratic term induced by 1-loop diagrams of the dynamical field, 
which is the leading order of 1/A^, as a kinetic term in order to calculate the propagator of the 
auxiliary field. Therefore we have to calculate the one-loop diagram of the dynamical field in order 
to obtain the propagator of the auxiliary field in the Large A^ expansion. 



4.1 One-loop diagram of the dynamical field 

Since the action of the theory is 

S = IcPx d^e i^^^e'^^^ + cV 



(j 



N) 



(22) 



the auxiliary field V does not have the kinetic term at the tree level. If we perform the path integration 
over $,^ , we obtain the effective action Scs when the auxiliary field V are treated as the external 
background field while the dynamical fields ^, ^^ fiuctuate: 



S^s = S + ^ [(fxd^e V {iG-^) V + ---. 



The quadratic term of the auxiliary field define the inverse propagator of it, which comes from one- loop 
diagrams of the dynamical field: 




V{-p,B) 

Feynman rules are as follows 

V 



$J 



6' 



+ v{-p.,e') 



V{p,9) 




v{p,e). 



(23) 



p + q 



|)fet 



^J* 



pz 



m^ + ie 4 



]E{pfH{pf6('\9-9') 




n xjk 



i(-l)"5^ 



Then the contribution of the first diagram in (j23p can be evaluated as 



d'^p 

(2^ 



d^e v{-p,9)-i{-iy 



iN 



d?q 



(27r)^ q^ —m? + ie 



\E{qfH{qf5^'\e-9' 



V{p,9). 
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Since 5^^\e -e') = \{e- e'f {e - e'f, we can show 



1 

16 



d d d d 



A 2 



{9-9'y{e-9') 



89'^ d9a d9P 89 p 
Therefore the contribution of the first diagram in (I23p becomes 



1. (24) 



V{-p, 




vip,e) 



J i27Tf J ^ ' y(2vr3)g2 



N 



) g2 _ 77j2 _)_ ^g 



V{p,9). (25) 



In the right-hand side, the momentum integral over q has a hnear divergence. So we here regularize 
the integral, for instance by introducing a momentum cut-off. 



4.2 Integration by parts at vertices 

We now evaluate the contribution to the effective action from the second diagram in (f23|l : 



v{-p^e') 




v{p,e) 



N 



d^p d^q 



(2vr)^ (2vr) 



3 3 ,d^9d^9'Vi-p,9')-{-if 



{p + q) 



2 2 i ■ 



p + q 



q2 _ jj^2 _|_ ^g 



\e\p + qfH'{p + qf6('^ {9' - 9)] \]E{qfH{Q?S^'^ {O " ^0 



Vip,9), (26) 



where E'{p + q) and H'{p + q) are twisted covariant derivatives with 0', ^' and momentum p-|-g. Using 
the equation (I2ip . we can rewrite the term in the first bracket: 



^E'ip + g)2i/'(p + qfd^"^^ [9' -9) = ^E{-p - qfHi-p - qf6^^^ [9 - 9') 



(27) 



In the following, we perform the 9, 9 integration by parts, then we can apply E{—p — q)^H{—p — q)'^ 
to the second bracket and V{p,9) in the equation (I26p . We first note the partial integration rule for 
covariant derivatives Q 



/ 



d'^9 {D{p)aA}B 



d^g ^-i)\^\A{D{-p)^B}, 



where |A| = 1 for grassmann-odd A and 1^41 = for grassmann-even A. Note that the sign in front 
of — 9^ and 2 (^1^) become opposite after the integration by parts in the definition of the covariant 
derivative D{p)a = — g^+^ {^^) • Namely, through the integration by parts, D{p)a becomes D{—p)a 
and D{p) becomes D(—p) as well. 

We now recall the definition of twisted covariant derivatives: 



E{p)a = D{p)a + -m9a 
H{p)a = D{p)a - -m9o 



E{p)a = D{p)a + -17190 

H{p)a = D{p)a - -^rn9a. 
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Then we find in the similar way that E{p)a becomes H{—p)a and H{p)a becomes E{—p)a through 
the integration by parts. 



If we take the following operator 

we can integrate by parts and move E{—p — q)a to V{p)^{q) by substitfuting H{p + </)„ for it: 

d?p d?q 



jd^e ¥{-p- q) . H{p + q)^[v {p)^q)] . 



(28) 



(29) 



(30) 



{2^f {2^f 
Then we can distribute H{p + q)a to V{p) and $(g) as 

Hip + q) {V{p)^q)] = {D{p)V{p)} ^q) + V{p) {H{qMq)] , 

where we should recall H{p + q)a = — g^ + | (^^) + ^ (^^) — ^mOa and D{p)a = —-^ + \ {Si>) ■ 
We apply the Leibnitz rule for —-^ and distribute ^ [9;f) to F(p) and ^ (^^) — ^mOa to "^((7). The 
momenta in the covariant derivatives should be chosen as the momenta of the fields on which they 
act. We frequently use this kind of integration by parts at interaction vertices. Since each interaction 
vertex contains one pair of ^ and ^^, through the integration by parts, we move g^^^a or ^mOa in 
twisted covariant derivatives from 6 to ^', or vice versa. We never distribute 2"^^a) 2"^^" ^° ^^^ 
auxiliary field V. 

Therefore, the rules for partial integration are as follows: twisted covariant derivatives Ea,Ea [Ha, Ha) 
are replaced by another set of twisted covariant derivatives Ha, Ha [Ea,Ea) when they act on the 
dynamical fields $, $^, while they act as ordinary covariant derivatives Da, Da on the auxiliary field. 
The momenta in covariant derivatives should be chosen as the momenta of the fields on which they 
act. We can draw the result of the integration by parts (f28l) - (p0]) as follows: 

Vip) 



E[-p - q)cM-p - q) - 



$(g) 



D{p)aV[p) 



H-p-q) 



|.(g) 



V{p) 



H-p - q) 



H{q),Mq) 



Then we perform 9, ^-integration by parts in the equation (I26p . Recall the term in the first bracket 
has been rewritten as (p7|) . We apply, through the integration by parts, E{p — q)'^H{p — q)'^ in (p7|) 
to the second bracket and V{p,6) in ()26|) . We will obtain 16 terms if we perform the integration 
by parts straightforwardly. To avoid complicated expressions, we rewrite the products of twisted 
covariant derivatives in (|27|) as follows: 



-^E{-p 



'H{-p 
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= ^H{-p - qfE{-p - qf - H{-p - q) {(-^ - ^) + m} E{-p - g) + { (-p - q)^ - m^} , (31) 

which is shown in appendix E (see proposition E-2). Noting that the order of Es and Hs is reversed, 
we see that many terms vanish through the integration by parts. For instance, if we integrate by 
parts and move H{—p — q)a in the first term, it acts as E{q)a on the second bracket and as D{p)a on 
V{p). However, since the second bracket in ()26p already has E"^, it vanishes when E{q)a acts on it. 
Similarly, we will easily find many terms vanish through the integration by parts if we use the above 
equation. 

We first evaluate the contribution of the third term in the right-hand side of (|31|) . Since this term 
has no covariant derivatives, we can easily evaluate it by substituting {(— p — q)"^ — m^j 6^^' (6 — 6') 
for the first bracket in (1261): 



d^p d?q /■^4^ 4 , ,,, _ ^,, 1 



^ 777^^^ <rO(fe' V{-p,e') 



(27r3) (2vr)3 7 ' '^' ' q^ - m'^ + ie 



5^'^\e-e')-E{qfH{qf5^'^\e-e') 



v{p,e) 



'"^ U^evi-p.erl^. . ^,. ■vip,e), 



(27r3) J J (27r)^ q'^ - m"^ + ie 

where we should recall the equation ()24|) . This exactly cancels the linearly divergent contribution of 
(125]). 

Then we evaluate the contribution of the second term in ()3ip . We first apply H(—p — q) to the 
second bracket and V{p,9) in (I26p . However, for the reason mentioned before, the second bracket 
vanish if we apply H{—p — q) on it as E{q). So we apply H{—p — q) to V{p, 6) as D{p) through the 
integration by parts. On the other hand, the twisted covariant derivative E{—p — q) can be distributed 
to both the second bracket and V{p, 9) in (p6]) . But if we operate it to the second bracket, we obtain 
the following factor 

<5(^) [9 - 9') H{q)^ E{qfH{qf 5^'^ {9 - B') , (32) 

and using the commutation relation of [H{q)a , E{q)'^~\ = —2 [E{q){^ — m)] (again see appendix E) 
we can rewrite this as 

-2 5(4) {9 - 9') [E{q){i - m)] „ H{qf 6^^^ {9 - 9') . 

We find this is zero due to the property of grassmann variables. Since 6^^' {9 — 9') = ^ [9 — 9') {9 — 9'\ . 
the term containing two delta functions vanishes unless we have four derivatives ( n^) ( -At I be- 
tween them. Therefore, a non-zero contribution of the second term in (j3ip comes only from the term 
where H{—'^ — i + m)E is applied to the auxiliary field. Noting that with grassmann-even fields A, B 

fd^9 {H{-p){-i> + m)E{-p)A]-B = + j d^9 {(-|i + m)"^^(-p)^A} • {E{p)^B} 

= -{-i> + mrpjd''9A-[H{pfE{p)^B] 
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(fe A ■ {H(p){j) + m)E{p) B} , 



(33) 



the contribution of the second term of (j3ip becomes 
d'^p d^q 



-N 



{2nf (2vr)= 



d^0 d^e' v{-p, e') 5(4) {e - e') -E{qfH{q)H^*'^ {e - e') 



1 



1 



{p + qf -m? + ie q^ - m? + ie 
We can graphically express this integration by parts as follows: 

E^H'- 5(9 - ff] E'^H'^ 



D{p){i, + i + m}D{p)V{p,e). (34) 




H[-i) -i + m\E 5{e - ff) 
Recalling the equation (pll) again, we evaluate (fM|l as follows: 

When we use the identity 

d^q ^ 




D[i) + i + m]DV. 



{p + q) -m? + ie q^ - m^ + ie 



dh 



(zvr) (j) j^ q) _ jyA _j_ ^g (^q2 _ ^ _|_ ^^^ J {2tt) (j) _|_ 



D{p){i) + i + m}D{p) V{p, ( 



y 



m^ + ie 



(g2 — 77T,2 -)- ^g) 



which is easily shown by shifting the integration variables q -^ —Q—p in the left-hand side, we obtain 
the following result: 

d^p 



iN 



3 / d'ev{-p,e)D{p) (^ + "^) D{p)v{p,e) ■ ^V)"' 



(35) 



where we define /(p^) ^ as 

2,_i 47r f d^q 



I{p' 



arctan 



4m,^ 



i J {2-Ky {p + qY -mP'+ie q^ - m^ + ie y^~^ 



The second equality is shown in appendix F. This definition of I{p'^) ^ is the same as that in |7]. 
We now evaluate the contribution of the frist term in (1311) 



lH{-p-q)^Ei-p-qf6^'\e-e'). 
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We integrate by parts and apply jH E to the second bracket and V{p,6) in ()26p . For the same 
reason as before, we first apply H{—p — q)'^ only to V{p,6) as D{p)'^: 




H'E'5 




D'V 



E^ [6 - 6') 



When we moreover apply E'^{—p — q) to the second bracket (the upper chiral propagator in the above 
picture) and V{p, 6) in ()26p . we should note the term (j32p vanish as before and the term 

5(4) (^ _ e') H{qfE{qfH{qf 5^^^ {6 - 6') 

also vanish. This is because we have at most two derivatives between two delta functions since we 
can show H{q)'^E{q)'^H{q)^ = (g^ — tti^) H{q)'^. We do not have non-zero contributions unless there 
are four derivatives between two delta functions. Therefore again, the non-zero contribution of the 
first term in ()3ip comes only from the term where jH'^E'^ is applied to the auxiliary field: 



N 



(fp d?q 



N 



iN 



d?p d^c^ 



(2^)3 (2vr) 
(fp 



fd^ed^e' v{-p,e') 



s(^){e-e') \^Eiq)^H{qf6^^\e-e') 



d^e v{-p,e)- 



{p + q) -m? + ieq -ni^ + ^e 



-D{pfD{pfV{p,e) 



(p + q) -m'^ + ieq -m^ + ie 4 



DipfDipfVip,e) 



{2nY 



dH v{-p,e)\D{pfD{pfv{p,e) ■ ^livT'- 



(36) 



We can graphically express this integration by parts as follows: 
E^H^5 




E^IPS 




DmH'. 



H^E^d [9 - 6' 



In summary, we can evaluate the equation (j26p by using the formula (j3ip for one of the chiral 
propagator. The contribution of the third term of ()3ip cancels the contribution of ()25p . the contribu- 
tions of the second and third term are given by ()35p and ()36p . Considering all the contributions, the 
quadratic terms of the auxiliary field in the effective action becomes as follows: 

1 f d^p 



2 J {2^Y 



d^eV{-p,e){iG~^)V{p,0) 
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= y /t03 Jd'O V{-p, 9) l^^D{pfD{pf - \D{p)i>D{p) - mD{p)D{p)^ V{p, 9) • ^/(/)~' 

= y/(03/^'^ V{-p,9)\^^D{p)D{pfD{p)-raD{p)D{p)^V{p,9)-^I{p')-\ (37) 

where the last equahty is shown in appendix G. This inverse propagator of the auxihary field is 
the same as that of the super Yang-Mills field except for the mass term m DD and non-local factor 

/(p2)-l. 



4.3 Propagator of the auxiliary field 

In order to derive the propagator of the auxiliary field from (j37p , we have to evaluate the inverse of 
the differentical operator in it. To do so, we first study the algebra of D^ and D^ in detail. Because 
of the fact that D^ = D^ = 0, all the differential operators composed of Da and D^ can be written 
as linear combinations of the following six operators (similar to the case of AA = 1 in four dimensions 
|10j). namely, a set of projection operators of chiral and anti-chiral superfield 

^2^2 ^2^2 



4p2 ' -■ 4^2 



and other four operators: 



iZ)2 iD"^ DD'^D „ iDD 



where we omit to write explicitly the momentum dependence of covariant derivatives. Note that 
the term D;^D can be written as a linear combination of Pt and Pi. Through a straightforward 
calculation, we can show that 

Pi+P2 + Pt = 1. (38) 

The multiplication rules of these operators are indicated in tabled! where the blanks mean zero. The 
derivations of this table and the equation ()38p are shown in appendix G. 
We now want to derive the inverse of 

-^ _ _ jj2 

-DD'^D-mDD = -^PT-imy^^Pn (39) 

by using table [H But this operator is non-invertible because this annihilates arbitrary anti-chiral 
superfields (indeed also annihilates arbitrary chiral superfields). Note here that 

DD = DD + {Da, D"'} = DD + itr (^) = DD. 

This singularity is of course due to the gauge symmetry. So we need to introduce a gauge-fixing term 
to define the inverse of (j39p . We here introduce the following supersymmetric gauge-fixing term in 
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left \ right 


Pi 


P2 


P+ 


P_ 


Pt 


Pd 


Pi 


Pi 




P+ 








P2 




P2 




P_ 






P+ 




P+ 




Pi 






P_ 


P_ 




P2 








Pt 










Pt 


Pd 


Pd 










Pd 


Pt 



Table 1: The multiplicative property of oparators 



the action 

N f d^p 

where we omit to write momenta p of covariant derivatives explicitly. With this gauge fixing, the 
inverse propagator of the auxiliary field is given by 



*°' = S/tS?/"'" "<-"■'" • i ["'"' + °'°'] "'"■'" ■ i'^""'"- 



1 f (fp 



2 J (2vr)3 
where 



d''ev{-p){iG~^)V{p) + Sgf 



T /(S^ /^'' ''^"^' ^^^^''^^' '^ ■ i'^^'^"'' 



V 



V 



-DD'^D - mDD + —(D^D^ + 1)21)2^ 

4 8a ^ ^ 



2 2a 



Then we can evaluate the inverse of Vy . Indeed, by supposing Vy = aPi + 6P2 + cP+ + dP- + ePx + 
fPo, we can easily show 

VvVy^ = ^ {aP, + 6P2) + ^ (cP+ + dP_) - i (/g ^ 2imv^ •^) ^^ " ^ (^'^ + 2imy^ e) Pd- 



If we impose a = 6=-%,c = (i = 0, e 



p^— 4m^ 



and / 



Aim 



'— p2(p2_4jn2) 



Vy V^;^ = Pi + P2 + Pt = 1. 
Therefore the inverse operator of Vy is 



v; 



p 



2 / 2im \ 2a , 

1 Dfl^D -4^DD a 

2p4 V ^ 



'2 — 4?TT-2 



p^ 



Using this inverse operator, the superpropagator of the auxiliary field V can be written as 

{v{-p,e',e')v{p,e,e))^ = ^lip') ■ Vy's^'^e - e') . 
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(40) 



Note that this propagator has a pole at p^ = Am?, which imphes that a one-particle state of the 
auxiliary field is a bound state of the dynamical field. 

If we expand this propagator in components, we obtain propagators of component fields. How- 
ever, it leads to a complicated expression to expand (|4U|) straightforwardly since the auxiliary su- 
perfield V{p,9,6) has many unphysical component fields which can be eliminated if we choose the 
non-super symmetric gauge such as Wess-Zumino gauge. We can, nevertheless, easily obtain the 
propagators of u^ and M by taking the coefficient of O'O'OO in the expansion of ()40p , namely 



{v^{-p)vu{p))r, = -rr^(P^^ 



^/.v Fi^vyfiiQ AT^^^ Mp2-4m2 



p^ -4:n? \ p^pu _ 2rm p 

* P"^ J P'^ P'^ 



(41) 



4.77-7 1 

m-P)M{p)) = -jfnp'):^r^^2- (42) 

These propagators of component fields coincide with the result in [Tj. The derivation of these expres- 
sions are shown in appendix H. 



5 Divergent diagrams and renormalization 

In this section, we investigate divergent diagrams and the renormalizability. We first study the 
superficial degree of divergence and show that there are two types of divergent diagrams. We can prove 
all divergences can be eliminated by renormalizations of the coupling constant g and the wavefunction 
of the dynamical field $. 



5.1 Superficial degree of divergence 

We first evaluate the superficial degree of divergence. Recall the superpropagators of the dynamical 
field and the auxiliary field 



[v{-p,9're')v{p,ere)), = ^/(/) 



1 DD'^D - AmDD 



p2 _ 4j^2 p2 



2p2 V ) 



where momenta of covariant derivatives are all equal to p. Postponing the discussion on momentum 
dependence of covariant derivatives, we can evaluate high-energy behaviors of above superpropagators 
as follows: 

l>T'= (-P, 0', e') ^^ {p, e,9)'j ~ 4 ^ ^^^^ 
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[V{-p,e\9')V{p,9,e))^ ~ ^ / X {DD'^D or mDD or L»2^2 ^^ j;)2j^2^ 



Note that I(p^) = f 2 '^ V~P'^ ^* high energy. 

arctan \/ — 2_^ 
V 4m2 

Then we evaluate high-energy behaviors of covariant derivatives. In any loop diagram, we can 
integrate by parts and reduce the number of integrations over grassmann coordinates by virtue of the 
delta function 6^^'{9 — 9'). Then the final expression of grassmann integrations on each loop has a 
factor 

5^ {9 — 9') (product of covariant derivatives) 6^ {^ ~ ^') 

in the integrand. As we have seen in the previous section, however, this factor will give a vanishing 
result unless there are four derivatives between two delta functions. What can be obtained if we have 
six covariant derivatives between two delta functions? The answer turns out to be zero when we note 

since we have only two derivatives between delta functions. How about the case in which we have 
eight derivatives between delta functions? In such a case, we obtain a factor 

j^2j=)2jj2j=)2 ^ 4p2^2^2 

and this gives a non-zero contribution. Similarly, if we have twelve covariant derivatives, we obtain 
(L)2d2) = (4p2^ D'^D'^. Therefore we find that D'^D'^ ~ p'^ unless they are used to differentiate a 
delta function 6^'^'{9 — 9'). In every loop, we use one D^D'^ to differentiate a delta function in the 
formula 



I d^0' si^) (0 _ 0') ^dW 5(^) {9 - 9') = 1. 



This formula is easily shown in the same way as (I24|) . When the diagram contains L loops, L sets of 
D^D^ are used to differentiate delta functions, reducing the degree of divergence by 2L. 

By counting DD ~ ^, we then obtain the complete behavior of superpropagators at high energy 
as 

^^^{-p,9',9')^^{p,9,9)^ ~ 1 



[V(-p,9',9')V(p,9, 



rsy 



'0 / — 2' 

v-p 

and the degree of divergence has to be reduced by 2L if the diagram has L loops. Then we have the 
superficial degree of divergence d as 

d = 3L-Pv-2L, 
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where L denotes the number of loops and Py denotes the number of propagators of the auxihary 
field. The first term comes from the fact that each loop has three momentam integration. The last 
term comes from the fact that we use four covariant derivatives at each loop to defferentiate a delta 
function. Using the relation L = {Py + P$) — V + \, where P$ is the number of propagators of the 
dynamical field and V denotes the number of vertices, we find 

d = P$ - y + 1. (43) 

Then we should notice that all vertices in this theory contains exactly one $^^. This means that 

y = P'^ + ^^ (44) 

where £"$ denotes the number of external lines of $. The formula (|44|) can be shown as follows. Noting 
the symmetry of $ — > e*"$, ^^ _> e~*"^^^ we find that the internal lines of ^ are not branched. This 
means there are two types of $ lines. The first type goes from one external line to another external 
line without branches: (a). The second type is an internal circle of ^ which has no external lines: 
(b). Typical examples of These two types are indicated in figure [TJ We now count the number of 





(b) 



Figure 1: Typical examples of two types of <l>-lines 



vertices on the line of ^. For type (a), we easily find V = P$ + 1 = P^ + -^. On the other hand, for 

type (b), V = P^ is satisfied. But this can be also written as V = P^ + -^ because E^ = for type 

(b). Since both types of (a) and (b) satisfy (HH), diagrams containing both types also satisfy 

Combining ()43p and (I44p . we find the final result: 

2 
Therefore there are only two types of divergent diagrams: 



(45) 
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In the following, we study these two types of diagrams in detail. We will show that all the divergences 
can be absorbed into the bare coupling constant and the wavefunction of <1>. 



5.2 Renormalization of the coupling constant 

In this subsection, we study the amplitudes without external <&-lines shown in the left diagram in (|45p . 
Since its superficial degree of divergence is 1, it may contain linear and logarithmic divergences. To see 
these divergence explicitly, one might expand the amplitude in powers of the external momentum p^ 
in the same way as in the ordinary field theory. However, since we now work in the superfield pertur- 
bation theory, each field has grassmann coordinates in addition to spacetime coordinates. Therefore 
we have to expand the amplitude in powers of Da, Da as well as p^. The reason for expanding it by 
Da, Da rather than ^|^, -|cr is super symmetry. 

Although there are no terms linear in p^ due to the Lorentz invariance, there may be terms linear 
in D^,D^ or DD, which can be logarithmically divergent: 



aA + log A(bDD + cD'^ + dD'^) + finite terms. 



where a, b, c and d are constants independent of external momenta and grassmann coordinates. The 
differential operators DD,D^,D^ acts on external auxiliary fields and independent of internal mo- 
menta. Terms linear in p'^,p^ or p^DD are included in "finite terms". 
Therefore, the effective action might need counter terms of the form 

jd^x jd^e [anV' + (3nV'^-\DV){DV) +-fnV'^-^{DVf + SnV'-^Dvf] , (46) 

where n is a positive integer and an, l3n,^n,Sn are constants. When n = 1, the second, third, and 
fourth terms should be considered as DDV, D^V, and D^V , respectively. 

If we assume the existence of a gauge invariant regularization, 7„ and (5„ must be zero because 
operators V^~^D^V,V^ D^V are not gauge invariant. Similarly, we can show /3„ = unless n < 2 
and a„ = unless n = 1. However, we can explicily show these results by analyzing loop integrations 
without assuming the existence of a gauge invariant regularization. 



5.2.1 Operators of the form y-^DDV, V'^~^D'^V, V'^-^D'^V 

We first show explicitly that Pm^m^n = for all n. Note that all covariant derivatives acting on 
external fields come from partial integrals over grassmann coordinates. In order to obtain operatos 
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V^~^DDV,V'^~^D^V,V^~^D^V, we have to move two covariant derivatives from propagators to 
external fields through integrations by parts. Suppose there are k propagators in the diagram. Since 
every term in every propagator has four covariant derivatives except for mDD in the superpropagator 
of the auxiliary field, 4k— 2 covariant derivatives remain in loops after moving two covariant derivatives 
to external fields, assuming there is no mDD in the diagram. We perform integrations over grassmann 
coordinates and shrink all grassmann loops using the formula 



f d^e' 5(4) {9 - 9') ^D^D^ 5(4) {e -9') = 1 



or the similar one which has E^H^ instead of D^D^. We use 4L covariant derivatives to shrink all 
grassmann loops when the diagrams has L loops. Then 4(A; — L) — 2 covariant derivatives remain. 
But, since all grassmann loops have been shrinked, these 4(/c — L) — 2 derivatives must be changed 
into internal momenta by using the anticommutation relation 

unless they vanish for the reason that there are less than four derivatives between two delta functions. 
Therefore, if we move two covariant derivatives to external fields, at most 4(/c — L) — 2 covariant 
derivatives are changed into g2(A:-L)-i^ where q is a typical internal momentum. Recall here that 
D^D^ ~ p2 However, assuming Lorentz invariance, this factor have to be written as {q^)^~^<ji, which 
contains an odd number of internal momenta. Notice that each propagator is invariant under p -^ —p 
except for covariant derivatives and vertex factors are independent of momenta. Then we find that 
the total integrand is an odd function of internal momenta. We know that the degree of divergence is 
reduced at least by 1 if the Feynman integrand is an odd function of internal momenta. Then these 
integrals are not divergent because their original superficial degree of divergence is zero. 

Let us consider what happens if we have some mDDs in the diagram. Noting that we count all of 
D^D^, DD^D,mDD as ~ p'^ when we evaluate the superficial degree of divergence, we find that the 
degree of divergence is again reduced at least by 1 if the diagram contains some mDDs. 

It is proved that in the effective acton there is no quantum correction to the operator of the form 
of y-^D'^V, V^-^D^V or V^'^DDV. 



5.2.2 Operators of the form V"' 

We now show explicitly that a„ in (1460 vanishes unless n = 1. Recall that no V"^ term arose when 
we evaluated the inverse propagator of the auxiliary field in subsection 4.2. The reason for this is 
the cancellation between (j'25p and the contribution of the third term in (|3ip . The contribution of 
the third term of (I3ip is a part of p6p . The contribution proportional to V'^ induced by the partial 
integration over grassmann coordinates in (j26p exactly cancelled ()25p which is also proportional to 
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V'^. This cancellation is due to the fact that the dynamical field is a chiral superfield. To see this, we 
examine the following diagram: 

<t' ? j ^ — $ 

Vi V2 V:i 

where 5ij stands for S^'^^Oi — 9j) and pij denotes the momentum which flows from 6i to 6j. Therefore 
Pji is equal to —pij- When we write E'^H'^dij, the covariant derivatives in front of 6ij stands for 
covariant derivatives with grassmann coordinates 6i,9i and momentum pij. On the other hand, if we 
write E'^H'^dji, they are covariant derivatives with 9j,6j,pji. We distinguish 6ij from Sji. Then we 
can write the formula (j27p as 

—E H 5i2 = —E H 621- 

By using this formula, we can rewrite (I47p as 

^1 02 es_ ^ 

$1 ^ * • — $ 

Vi V2 V3 

Then we use the formula 

^^2^2 ^21 = \h^EH2i - ^(1^21 + m)E62i + (pii - m^)62i, 

which is easily shown by the commutation relations of E'^ and H^. We can graphically express this 
formula as follows: 

<t' ? 1 ? $ 

Pl2^™ ( P23~™ 

Vl F2 ^3 

~ , ^1 02 ^3 ~ 

yi T/2 v^3 

^1 O2 % 

(|)t « ^^ « — $ 

+ ? ^^21 > ,1^ ■ i^'^''^23 > . (49) 

Vi V2 Vs 
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In the third term in the right-hand side, we can easily perform the integration over 9i. Then we 
obtain the following contribution 



/ 



V 




9, 



pIs-™^ 4 



e^hH. 



$ 



23 



\ 



/ 



(50) 



In order to understand the minus sign, we should recall that the vertex factor is i(— 1)" when the 
vertex is attached to n lines of auxiliary field. Although performing the integration over 9i does not 
change the number of lines of auxiliary field, it reduces the number of vertices by one, leaving a factor 
i which has been attached to the annihilated vertex. Moreover, there is another i in front of 621 ■ The 
minus sign in (J5U|) comes from these two factors of i. Then the contribution from the third term in 
(I49p exactly cancels that of the following diagram: 




(51) 



We now consider the remaining terms, namely, the first and second terms in (j49p . Performing the 
partial integration over 92, we can show as before that all vanish except for contributions in which 
all covariant derivatives between 9i and ^2 are applied to external auxiliary fields. For instance, see 
the second term in (j49p . If we move Ha from the left chiral propagator to the right one exchanging it 
for Ea, it vanish because EaEp' = 0. We have to apply Ha to V2 to obtain a non-zero contribution. 
Then we move Ea in the left chiral propagator and perform the integration over 9i by virtue of 52i- 
The result is as follows: 



$ 



P12 



m^ 




P2S^ 



]H"EW6. 



23 



^(1^21 + rn)lV2 



+ 




fia-'"' 



• lE'H%, 



m)DV2 



<I> 



where we use the similar equation as (I33p . 

In the second term in the bracket, all covariant derivatives moved to the external auxiliary field 
V2. On the other hand, in the first term, Ha is applied to the other chiral propagator. This Ha can, 
however, move to Vi or V2 if we again perform the partial integration over ^2- Noting that Ea^' = 0, 
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we find that the contribution of applying Ha to the external $^ vanish. So we move it only to external 
auxiliary fields exchanging it for D^- The result is the same if there is an another chiral propagator 
instead of the external ^^ because Ea< ^\p,9,9)^—p,9' ,9') >o= 0. This vanishing occurs due to 
the fact that the dynamical field is a (twisted) chiral superfield. Therefore, through the integration 
by parts, the non-zero contributions of the second term in ()49p come only when all the covariant 
derivatives are applied to external auxiliary fields Vi , V2 . 

In the same way, we can show that non-zero contributions of the first term in (I49p arise only when 
all the covariant derivatives are applied to external auxiliary fields, by performing a partial integration 
over ^2 to move H^E^ in front of 821- Therefore, all non-zero contributions from the first and second 
terms in (I49p have at least one covariant derivative applied to external auxiliary fields. Only the 
third term has no covariant derivative applied to external auxiliary fields but it was cancelled by the 
contribution of ()5ip . We can express whole argument given above by the following simple graphical 
equation: 

■It ^ ^ ^ $ 



$t. 



+ 




$ 



0, 



Vi Vo. 



Vi V2 ^3 

where "~" means that both sides are equal up to terms with at least one covariant derivative applied 
to external fields. 

Recalling the purpose of this subsection, in the following, we consider only one-particle irreducible 
amplitudes with no external chiral superfields and no covariant derivatives applied to external auxil- 
iary fields: 




iPi 



For instance, consider the following amplitude with two external auxiliary fields 



V2 , 



This induces an order 1/N'^ correction to the inverse propagator of the auxiliary field. By the same 
argument as above, we can show this amplitude cancels the following one 

Vi 
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except for terms at least one covariant derivative applied to external auxiliary fields. Note that 
covariant derivatives do not act on the internal line of the auxiliary field, since Vi is attached on the 
propagator of dynamical fields. Shifting the vertex attached to Vi along the chiral loop in a clockwise 
direction, We can also show that 



Vi 




Vo 



+ 




V2 




Vo 



Vi 



+ 




These six amplitudes are given by inserting a vertex 



Vi 



into the following diagram 




Vo , 



(52) 



(53) 



where there are six possible ways of insertion and summing up all these amplitudes leads to a vanishing 
result. Similarly, all possible insertions of ([^^ into the following diagrams 




Vo 




Vo 



(54) 



also give vanishing results. 

Considering all possible insertions into ()53p and (I54|) . we can obtain all amplitudes of order 1/N'^ 
with two external auxiliary fields. This means that in the effective action there is no quantum 
correction to the operator V'^ in order l/N"^. We can also prove that amplitudes of order 1/N"^ 
with two external auxiliary fields vanish when we sum them up, with an arbitrary positive integer m, 
except for terms with at least one covariant derivative applied to external fields. 

In the same way, if we fixed the number of external auxiliary fields and the order of 1/A^, except 
for only one case, we can show that all contributions vanish if we sum them up, up to terms which 
have at least one covariant derivatives applied to external fields. For example, if the diagram has n 
external auxiliary fields and consider the contribution of order 1/N"^, we choose one external auxiliary 
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field and consider all diagrams of order l/A^™" without it. Then we consider all possible insertions 
of the chosen external auxiliary field into them. The insertions have to be made at propagators or 
vertices on loops of <1>. Since any chiral loop has the same number of propagators and vertices, it 
gives a vanishing result to sum up all insertions. The only one exception is the following one- loop 
amplitude: 



V 




(55) 



Since this is only one amplitude of order N with one external auxiliary field, it has no counterpart to 
cancel. However, this contribution was already considered when we evaluated the vacuum structure 
of the theory in subsection 2.2. It gave a linearly divergent contribution to be eliminated by the 
renormalization of the coupling constant. 

In summary, it is proved that no counter terms of the form of V^ are necessary, except for the 
case n = 1. Namely, q„ in ()46p vanishes unless n = 1. In the case n = 1, there is a linearly divergent 
term proportional to N but it is cancelled by a counter term induced by the renormalization of the 
coupling constant. Notice here that the counter term is also proportional to N. 

We now find that all divergent amplitudes of the left type in ()45p become finite, at each order of 
the 1/A^-expansion, only by renormalizing the coupling constant. 



5.3 Wavefunction renormalization of $ 

We now show that all divergences from diagrams of the second type in ([H 




cI)T 



J IPI 



can be eliminated by the renormalization of the wavefunction of $. Since its superficial degree of 
divergence is zero, it may contain logarithmic divergences. If we expand the amplitudes in powers of 
covariant derivatives and external momenta, only the lowest order, which has no external momenta and 
no covariant derivative acting on external superfields, can be divergent. Therefore, in this subsection, 
we only consider terms with no covariant derivatives acting on external superfields. 

Notice here that we have to expand amplitudes in powers of Ea,Ea acting on external ^, ^^ as 
well as in powers of D^, Da acting on external V . The reason for this is supersymmetry. Differential 
operators Ea,Ea are super covariant when they act on $,$', while Da, Da are supercovariant when 



30 



they act on V. In order to study divergent amplitudes, it is enough to investigate amphtudes which 
have no Ea, Ea acting on external ^, ^' and no D^, Da on external V. 
We have already seen that the following type of amplitudes 



(56) 



iPi 

has no divergence. Especially when we neglect terms with covariant derivatives acting on external 
superfields, it led to a vanishing result to sum up all the diagrams of the above type. The reason 
for this was as follows. Suppose the following diagram and take one external auxiliary field, which is 
always attached to a loop of a twisted chiral superfield: 





(57) 



When we perform a partial integration at a vertex 9 where the chosen external auxiliary field is 
attached, we use the formula (I48p at a chiral propagator next to the vertex. Keeping only the 
contribution with no D^, Da acting on external auxiliary fields, we find that it exactly cancels another 
diagram 




(58) 



These two diagrams can be obtained by inserting one external auxiliary field in the following dia- 
gram: 
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The diagram (j57p can be obtained by inserting an external V into the chiral propagator in the loop 
while the diagram ()58p can be obtained by inserting it into the vertex in the loop. The diagrams 
obtained by these two insertions cancel each other. Since any loop has the same number of propagators 
and vertices, the sum of contributions of diagrams obtained by moving one external auxiliary line 
along the chiral loop cancel each other. This kind of cancellation occurs when other external lines and 
all internal lines are fixed. Therefore, considering all diagrams of the form (|56p leads to a vanishing 
result. 

In the same way, it gives a vanishing result to sum up all the diagrams of the following form 




when we neglect terms with covariant derivatives acting on external superfields. But we cannot use 
the same argument to evaluate the following diagrams 




because there is no external auxiliary field attached to an internal chiral loop. All external auxiliary 
fields are attached to the chiral line which connects two external twisted chiral superfields. In this 
case, even if we neglect terms with covariant derivatives acting on external superfields and move one 
external auxiliary field along the chiral line, with other external lines and all internal lines being fixed, 
it gives a non-vanishing result to sum up all contributions. The reason for this is as follows. The 
chiral line has one more vertices than propagators, and it has also two external chiral lines. Then, 
there are two types of insertion of the chosen external auxiliary field: (A) insertion in a vertex on the 
chiral line; (B) insertion in a chiral propagator or an external chiral line. Each diagram of type (A) 
has a counterpart of type (B) to cancel out. However, since there are one more diagram of type (B) 
than that of (A) , without cancellation when we sum up all insertion of the chosen external auxiliary 
field, only one diagram of type (B) remains. 
For instance, suppose the following diagram: 



(59) 



We insert one external auxiliary field in the above diagram. Since the chiral loop in the above 
diagram has four vertices and four propagators, considering all insertion of the external auxiliary 
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field in the chiral loop, we obtain a vanishing result up to terms with covariant derivatives acting on 
external superfields. On the other hand, the chiral line in the above diagram has two vertices, one 
propagator, and two external lines. We first find that the following two diagrams vanish when they 
are summed: 



+ 



where we neglect terms with covariant derivatives acting on external superfields. In the same way, 
we find that the sum of the following diagrams vanishes: 



+ 







The following diagram, however, remains: 




(60) 



This diagram does not have a counterpart to cancel. Therefore, summing up all diagrams obtained 
by inserting one external auxiliary field in the diagram ()59l) , all diagrams cancel out each other except 
for the diagram (I60p . If we again perform the partial integration, we find the remaining diagram (I60|] 
is equivalent to 




up to terms with covariant derivatives acting on external superfileds. 

When we insert two external auxiliary fields in (j59p . we fix the first external auxiliary field and 
consider all insertion of the second external auxiliary field. Then we find that only one diagram 
remains, in which the second external field is inserted in the external line of ^. We now consider 
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all insertion of the first external auxiliary field and again find that only one diagram remains. The 
remaining diagram is as follows: 




Notice here that if there is at least one external auxiliary field inserted in the internal chiral loop, we 
can move it along the chiral loop and obtain a vanishing result. Performing partial integration, we 
find the above remaining diagram is equivalent to 

-V-V 




up to terms with covariant derivatives acting on external superfields. 

In the same way, when we insert n external auxiliary fields in the diagram (|59p . considering all 
insertion, all diagrams cancel each other except for one diagram: 



(61) 



In order to obtain an amplitude from this diagram, we have to perform all integration over grassmann 
coordinates of remaining vertices as well as internal momenta. In doing so, we neglect terms with 
covariant derivatives acting on external superfields because such terms have no divergence and we 
are only interested in divergent terms. Particularly, we neglect terms with Da, Da acting on external 
auxiliary fields. Therefore, in order to study divergent terms, we can rewrite (|61|) as 






{-Vl){-V2)---{-Vn)X 



where "~" means both sides are equivalent up to terms with covariant derivatives acting on external 
superfields. In the right-hand side, n external auxiliary fields are just multiplied by the diagram (I59p 
which has no external auxiliary fields. 
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In general, any one-particle irreducible diagram with n external auxiliary fields and one pair of 
external $, $ , can be obtained by insertion of n external auxiliary fields in a diagram of the form 




(62) 



J iPi 



If we choose one diagram of the above form and consider all insertion of n external auxiliary fields 
in it, the result is equivalent to multiplication of the chosen diagram by V1V2 • • • VJ^, neglecting terms 
with covariant derivatives acting on external auxiliary fields. Namely, 

-V2 




i-Vl) {-V2) ■ ■ ■ i-Vn) X 




(63) 



iPi 



iPi 



We now find that all divergences included in the left-hand side of (j63p can be eliminated by a renor- 
malization of the wavefunction of $. Indeed, the equation (j63|) implies that all logarithmic divergences 
included in diagrams of the form 



v^ 


-K " 




\ 




J 


v.-__ 


^ 



IPI 



are canceled by a counter term of the form 

Z — J ri\ 



n=0 

namely by a renormalization of the wave function of the dynamical field. 

Note that the equation ()63p is satisfied for any internal diagram in shaded circle. Therefore, it 
is also satisfied at each order of 1/A^. Then divergences are eliminated at each order of 1/A^ by the 
renormalization. 



5.4 Beta function of the coupling constant 

We have shown that all divergences in the 1/A^-expansion can be eliminated by the renormalizations 
of the coupling constant and the wavefunction of the twisted chiral superfield. In this subsection, we 
evaluate the beta function of the coupling constant g^. 
In section 2, we defined gn by 



9\ 



1 



2^2 + 27r2 ' 



(64) 
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so that the hnear divergence from one-loop diagram of the dynamical field (|55p is eliminated. In the 
above definition, /x is a renormalization scale and A is a momentum cut-off. In subsection 5.2, we 
showed that there is no more divergence from diagrams of the form 




iPi 

Therefore we need no more renormalization of the coupling constant. Then we can treat gn defined 
by (|64|) as a renormalized coupling constant correct in all order of 1/A^-expansion. 

We now evaluate the beta function of gR. Defferentiating both sides of ()64|) by fi, we obtain 

2// dgR 



1 



1 



9r 9r dfi 27r2' 
where we should note that g and A is independent of /x but gR depends on /x. If we define (3 (gR) := 

1 1 o 



This beta function is shown in Figure El This vanishes when gR = 0, v27r. We find that this theory 
has one ultraviolet fixed point at gR = y^vr. 






1 r- 

0.75 

0.5 

0.25 

^ 
-0.25 
-0.5 - 







Figure 2: Beta function of the coupling constant 



6 Conclusions 

In this paper, we have studied a three dimensional CP^^^ model in the method of 1/A^-expansion. 
This model has M = 2 supersymmetry, U{1) gauge symmetry, and global SU{N) symmetry. For the 
1/A^-expansion, it is useful to use the Lagrangian with the auxiliary field V. Using the super Feynman 
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rules, we have derived the superpropagator of auxihary field induced by quantum effects of dynamical 
field. Then we have proved that all divergences in amplitudes can be eliminated in each order of 1/A^ 
by renormalizations of the coupling constant and the wave function of the dynamical field. We have 
also shown that there is no contribution to the beta function except in the leading order of 1/A^. This 
model have been shown to have a non-trivial ultraviolet fixed point. These arguments are valid in all 
orders of 1/A^-expansion. 
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Appendix A J\f = 2 SUSY in Three Dimensions 

The smallest super symmetry algebra in three dimensions has one Majorana (real) spinor of super- 
charges. It has two real degrees of freedom. So J\f = 2 supersymmetry in three dimensions has one 
Dirac (complex) spinor of supercharges. It has four real degrees of freedom. Therefore the dimen- 
sional reduction of the M = 1 supersymmetry in four dimensions gives the M = 1 supersymmetry in 
three dimensions. 

The superspace has coordinates x^, 0" and 0^ where [i = 0,1,2 and a = 1,2. Here 0° is a 
two-component Dirac spinor and 9'^ is the complex conjugate of 0". 



A-1 Gamma Matrices and Dirac Spinor 

We use the metric rj^i^ = diag(-|-, — , — ) and gamma matrices 



7 



-i 
i 



7 



i 
i 



7 



i 
-i 



These matrices satisfy the anticommutation relations {7'^,7'^} = 2rj^^'^ and the identity 

where e^'^'' is a totally antisymmetric tensor so that e*^^^ = +1. 

Spinors with upper and lower indices are related through the antisymmetric tensor C: 



fja(3 ^ (J 



a/3 



-i 
i 






al3 



We use the following summation convention: 

i'X ■■= V'aX" = -X^V'a = XaV'" = XV' 
i^X ■■= V'aX" = -X"V'a = XaV'" = XV' 

The gamma matrices have the following index structure: 



m% 



^7^X ■=^c{l^TpX 



,i\a 13 



This 7^ satisfies the identity 



(7^)/ := C^,CP' {^n\ = I'l' (7°) = [-7%^7°] 



„0„,u„,01 /3 



(y 



il'f. 
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so we find 



i>i^x = v^a (7^)"/3 x^ = -x^ irr^ ^a = -x^ (t'^)/ i^a = -X(3 {i^^^ r = -xi^^. 



Notice that ^q, := Capip^ / Captp^ because C*^ = —C^p = Cj^a- And we find the identities: 

{i'x)^ = {Capi^^x'^y = {Cat3m^^ = Cpari^'' = xi^ = i^x 
{i^i^xy = i^a{rxr = 4^a{i^*xr = -i^i^x = xi^4^- 



A-2 SUSY Algebra and Covariant Derivatives 

A supersymmetry transformation in the superspace 



x'' ^x' = x>' + - (^7^^ - ^7^0 , 0' 



is generated by the differential operators 

d 



iCK ^ /j/a na , /-q 



+r , 



TO: ^ nfa 



Q'':=i 



dOa ^ 2 



, 0":=-^ 



^ +^W 



9^. 



namely 

ei(Q-m)p (^x, e,e) = F {x', e', e') . 

Supercharges Q" and Q" satisfy the following anticommutation relations 



We define the covariant derivatives: 

d 



Da-.-- 



de» ^ 2 



- d i 

, Da := — + - 

" ' 361" 2 



a ' 



and we find 



e"' = e + c 



{D'^,Dp} = ir^ 

With these definitions, supercharges Q^^Q^ and covariant derivatives D"',D'^ anticomniute. 



A-3 Chiral and Vector Superfield 
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Since D^ and Q^'^Q^ anticommute, the "chirality" constraint 



Da,^{x,e,e) =0 



is consistent with supersymmety transformations. The expressions for Da and Da in terms of y^^ :- 
xi^^^e^Q^O^^Q^ are 



Dn 



de 



%+n^^n. ' 



dy^" 



, Da 



d 



We can therefore expand $ in powers of 9: 



X) - -/[ 



x)] - l-e^^d^{x) 



The superfield $^ satisfies the constraint Da^^ = 0. 

Note that there are no chiral spinors in three dimension. Although we cah $ "chiral" superfield, 
^ is a Dirac spinor. 

A vector superfield V satisfies the constraint 



V^ = V 



and has the expansion 



V{x, 9, 9) = C{x) + [e7]{x) + 9fi{x)] + - [9^f{x) + OYix)] + 0^(x) 6 + M{x 

1 



+hH[X{x) - i^ + ^9^9[X{x) + i0^p] + ^9^9^ 



D{x) + ^d'^C{x) 



where C,v^,M and D are real. 



Appendix B Calculation of the Effective Potential 



We here show the last equality in ([3]). Namely, 
Proposition B-1 






A j3u 

^\n[-k^ + M'^ + Dl)+i gtrln^^-Mc 



(2vr)^ 



67r ' ^ ' 67r ' ' 27r2 



(65) 
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In order to show this, we first note that 



(2^ 



trln I 



M,, 



A j3 



d-'k 



1 

2 

1 

2 J (2^) 
1 /-^ d^k 



A J3^ 
trln (|^-Mc)+ / - — -^trln(-^-Mc) 



(2^)^ 



(2^)3 
jtrln{(^-Me)(-^-Me)} 



trlnf-fc^ + M^) 



A 






(2vr) 



3 In (-A:^ + m2) . 



Then we perform the Wick rotation in the left-hand side: 

''^d^kE, /,o ,.0 „os f^d^k. 



(LHS) 



(2vr)3 

We now combine two integrals as follows: 

1 



\n{kl + Ml+Dl) 



(27r)- 



■ln(4 + M2). 



Mi+D ^ /.A^3^^ 
dm' 



(27r)^ fc^ + 



m^ 



M^+Dc 

Ml 
M^+Dc 

Ml 
Ml+Dc 



dm 



dm. 



dK 



A-kK^ 



(2^)^ Jo K'^ + "1^ 



27r2 



dK 1 



m 



K"^ + m^ 



A 



dm^ — - ( A 

27r2 



dK 



TTT. 
K2 + ^2 



1 rMl+Dc /-A 







K2 +f7T,2 



(66) 



Notice that the first term is linearly divergent while the second term has no divergence. Therefore 
we take the limit A ^ cx) at the second term: 

o2 ,^2 /•oo 






dK 



m 







K^ + m^ 



m^ vr 
2 \m\ 



1 



K^ + 777.2 



In the last equality, we perform a contour integral. Then we can prove the statement as follows: 



(LHS) = -^Dc-^ 



M'UDc 



dm, \m,\ 



A 
2^ 

A 
2^ 



4tt 



Mi+Dc 



dm, vnfi 



Ml 



on 



\Mr 



(RHS). 
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We can also evaluate the left-hand side without the Wick rotation. Namely, 

(LHS) = -i r^ In i-k^ + Ml + D,)+i f^^ In (-k^ + M^) 
^'+^^ . o [^ (fk i 



dm 



/a/2 J {2'Kf k"^ -m?' 

If we take the limit A ^ oo and perform the contour integral over k^ , then we obtain 

(LHS)= r^^^'^dm^ [ "^'K ^ ^ = = f^Jp + M^ + D,- [^ 



The first term in the right-hand side is a zero-point energy of (j)^ and the second is that of ip. These 
include a linear divergence proportional to D. 



Appendix C Fierz transformations 

In this appendix, we show some useful fomulae for spinor calculations. We can first show 

m){9x) = -\e\ix) (67) 

through a straightforward calculations. Substituting 6 for both ^ and x-, we find 

On the other hand, if we substitute ^^9 for ^ and d^ for x iii (167^ . we obtain the equation 

{er~e) {98,^) = -\e^c^p {i^~eY{d,i^r = \o\m) 

Substituting ^^^6 for ^ and Y^ for x in the equation ([67]) . we can show {0^^^0) {9Y^) = ^0'^{0j^^j''9). 
Using the equation J^^■J'^ = rj^'^ + ie^'^^jp and the fact that e'^^^ = —e^'^P, we find 

At last, if we substitute {icj) + m) for both ^ and x iii (|67p . we obtain 

[e{i^ + m)e\'^ = -]-Cc,(i[{i^ + m)e\'^[{i^ + m)e\'^ = -]-[e{-i^ + m){i^ + m)e\ 

We use this equation in section 3.2 to construct the superpropagator of the dynamical field. 

In the following, we will show the Fierz transformation for general two-by-two complex matrices. 
In general, any two-by-two complex matrix T can be expanded by the following four matrices: 

r/^-^M (^ = 0,1,2) , r3:=a, 
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such that r = Cy^r^ where the capital index A runs over 0, 1, 2, 3. Note the relation 

tr [TaTb] = 27]AB 
where tjab '■= diag(H ) and Ta '■= tjab^^ ■ Then we find ca = |tr [Ta^] and therefore 

r = itr [r^r] r^. (68) 

If we take an another two-by-two matrix V , the product of the matrix elements Tabbed can be treated 
as the (a, 6)-element of a two-by-two matrix fixing the indices b, c. Then we use the above relation 
(EHI): 



TabK, = ^E [(rA)./r/.C] (r^).. = I (mr)^, (r^)^, = itr(r^mr) (r^)^, (r^)^,. 



In the last equality, we again used the relation 



Appendix D Superpropagator with twisted covariant derivatives 

In this appendix, we will explicitly show the calculation to rewrite the superpropagator of the 
dynamical field (jlOp into (J16p which is written in terms of the twisted covariant derivatives. We first 
show a proposition. 



Proposition D-1 



H^ [9 - 9'f = -4exp I-]- [e{i^ - m){e - 6')] \ 



(69) 



The proof is straightforward. Noting that Ha = ~^ + 2 [^(^^ ~ ''^)] ! ^^ see 
where we should note that Cap-^ = —-^- We can easily show 



de'^dOa'- ^ ' L V r JiaQ0^ 

and then we find 



H^ {e - e'f = -4 |i - ^ ~e{iip -m){e- e') - ^e\e - e')\d^ + m^)\. 

Noting that [— ^^(i^ — m){6 — 6')] = —\0'^{0 — 0') (9^ -|- m^), we can prove the statement. 
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Using this, we can show the equation (fT7|) in pageflOl 



Proposition D-2 



1^2^2^(4) (^ _ ^/^ ^ g^p 



?'(i^ - m) 6* + -9{i^ -m)9 + -9'{i^ - m) 6' 



In the above equation, we define 5^^' {9 — 9') = j {9 — 9') {9 — 9') . The proof is again straightforward 
but needs a large amount of calculation. We first use proposition 3 and obtain 

"1 



E^HH^^\9-9') 
Since we can expand E'^ as 

we find 



E^ i exp 



-9{i0-m){9-9') 



{9-9'y 



J:|:+i^('^+'"'i"l:n«^(^^+'"^) 



E^H^6^^\9-9') = -exp 



--9{i^-m){9-9') 



E'^{9-9') 



+ 



_d_ d_ 

dFWn 



+2 



_d_ 
89'' 



exp 



■ exp 



--9{i^-m){9-9') 



-9{i^-m){9-9') 



{9-9' 
d 



89, 



{9-9'y 



[^(i^ + m)]^<|^exp 



8 



--9{i^-m){9-9') 



{9-9'f (70) 



where we use the Leibniz rule for the derivative with respect to 9. We can easily show 



E' 



A 2 



^0 



1 



-4 - 2 (0 - 9'){i^ - m)9 - -02 {q_q'Y(^q2 ^ ^2^ 



8 


8 


89"^ 


89a 




8 



89'' 



exp 



exp 



—9{i0-m){9-9') 
--9{i^-m){9-9') 



3'\^/a2 



--{9-9') {8^ + m^) exp 
l[{9-9')ii^ + m)]^exp 



—9{i0-m){9-9') 
--9{i^-m){9-9') 



Therefore the equation (iTOj) becomes 

1 



E^H^6^^\9-9') = exp 



9{i^ -m){9- 9') 



4 <! 1 + 1 (^ _ ^') (i^ _ m) {29 -9')- — {9- 9') ' {29 - 9')' {8^ + m^)\. 



3^2/^2 



We can rewrite this equation as 
E^H^6^'^\9-9') = 4 exp 



--9{i0-m){9-9') 



exp 



+-{9-9'){i^-m){29-9') 
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Then, at last, we can prove the statement. 



Appendix E Useful formulae with twisted covarinat derivatives 

In this appendix, we will show some useful formulae for loop calculations involving twisted covari- 
ant derivatives, which is shown only by using the anticommutation relation of them. 
Proposition E-1 

[E\Ha\=2[E{i^-m)\^ , [E\H'^]=-2[{i^ + m)EY 
[H\ Ea\ = 2 [H{i^ + m)] ^ , [^2, E^] = -2 [{i^ - m)H] " 



m] 



We can easily find the anticommutation relations {-ff", -E^} = {i^ + 'rn)°'n and \^E" ,Hp^ = {ilf) — mj n 
Using these, this proposition can be shown through a direct calculation. 
By using this proposition, we can show the following important formula. 

Proposition E-2 

\E'^,H'^]='i{-d'^ -m^) -AH{i^ + m)E 

(71) 
[E^ ij2] = 4 (-^2 - m^) - 4H{i^ + m)E 

We first show the upper equation. The second term H{i^ + m)E in the right-hand side means 
Ho, [i^ + m)"^ Hl^. When we rewrite the left-hand side as H^ [-E^, i/°] + [E"^ , Ha\ H'^ and use the 
proposition 1, the left-hand side becomes 

-2H{i^ + m)E + 2E{i^ - m)H = -AH{i^ + m)E + 2{i^- m)"^ • |£^„, Rf^X . 

Then using the anticommutation relations of Ea, H^ , we can prove the statement. The lower equation 
of (j7ip is proved in the same way. 



Appendix F I{p^y^ = y^^^ 

_p2 



We here explicitly show the equation 



arctan \/ -r^ 



V^ 
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The definition of I{p ) is 



i{pT' ■■= - 



47r f d^ 



1 



1 



i J (27r)^ {p + qf - m? + ie q^ - nn? + i(^' 
We first introduce a Feynman parameter: 



I{p^) 



2\-l 



— I dx 

i Jo 



An 



. dx . 
^ ./o J (27r) 



d^k 



1 



(1 — x) {q^ — m?) + X <.{q+ p) — m? > 



{k — xp) — A(p2;x)+ie 



2' 



where A(p^;a:) := —x (1 — x)p^ + m^. Then we shift the integration variable k as k ^ k + xp and 
perform the Wick rotation: 



I{p 



2\-l 



-^ I dx 



d^k 



J {2Try [k^-A{p'^;x)+i€] 



1 
Air I dx 







d^kf 



(2^r [4 + A(p2;x)]- 



1 roo 



- dx dK 



K' 



TTJo Jo [K'^ + A{p'^;x 



2.^\l2' 



We can easily perform this integral by changing the integration variable as K = y^A(jP]x) tanO . The 
result is 



I{p 



2\-l 



dx- 



■K 



1 



dx- 



1 



4Y^A(p2;x) 2 7q ^ -rpir^ (1 _ a;) _|_ 



m^ 



Then we shift the variable x as x ^ x + 2 : 



I{p 



2\-l 



1 /"2 



dx 



.2(1 



1 /"2 



2 /_! 

2 



dx 



-^ l2+^7 V2 

1 



x) + m} 



,2 /' rja\ _|_ j^2 



dx 



1 



V^-^0 Jp!^_^2 



4p2 



^/^ 



1 /"V? 

— p^ Jo 



■)2 — dm 2 



dx 



^/^ 



^' 



X 



where we define x := 



4p2 



p2— 4j72- 



■X and change the integration variable. Then we find 



I(p- 



2\-l 



1 



arcsm 



pz 



y/_p2 W p2 _ 4^^2 
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Moreover, we can show that arcsin a / i_. a = arctanw— j^-. The proof is as follows. Suppose 
y = arctan A / -53^-2- . Then i^. ^ equals to sin^ y, namely 1 — cos'^y. Therefore, we find cos^ y = 

1 3-^1 — 1 = i" T a • Then we can show tan^ y = — 2 1 = ^ ~ '? 1 = — ?— r . We have shown 

that y = arctan y —-£^- Therefore we find that 



arctan w . ., 



V^ 



Appendix G D-algebra 

We here study the algebra of supercovariant derivatives Da,Da especially in momentum space. 
Recall that we can obtain Da, Da from twisted covariant derivatives -Eq, E^, Ha-, Ha imposing m = 0. 
Therefore, from Proposition E-1 and E-2, we find in momentum space that 

[D\D-]=-2{i>DY , [D^Da]=2{D^)^, 

and 

[D^, D^] = V - AD{i>)D. (72) 

Moreover, we can show the following proposition: 

Proposition G-1 

Z)2^2 _ 22)^^ = dd'^D , DW - 2Di)D = DD'^D, (73) 

where DD^D := DaD^D"'. 

The proof is straightforward. We can rewrite D^D^ as 

Z)2£)2 ^ -DaDpD'^D'^ + Da {/)", Dp] D^ 

= -DaD/sD'^D^ + D^D 

= DpD^D^-{i))p^D''Df + Di)D 

= DD'^D-{i))^pD^D^ + Di)D 

= DD^D + i^fpDaD^ + D^D 

= DD^D + 2Di)D. 
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Therefore the left equation in (|73p is proved. The right equation can be shown in the similar way. 
We now define the following projection operators: 

Suppose <1> is an arbitrary chiral superfield. Then we can show Pi<l> = and 

P2$ = (^A + i^^ j ci> = $. 

In the last equality, we use the equation ()72p . In the same way, we can show that Pi$' = <1>t and 
P2^^ = for arbitrary anti-chiral superfield <I>^. Therefore, Pi and P2 is projection operators to 
anti-chiral and chiral superfield respectively. 

In addition to (j74p . we can define the following four Lorentz invariant operators from D^ and Da- 

iD"^ iD^ DD'^D iDD 



Since D^D^ = DaD^ = 0, any other differential operator composed of Da, Da can be written as a 
linear combination of these six operators. Note that D^D can be written as a linear combination of 
P2 and Pt using Proposition G-1. 

Moreover, we can show the following useful formula: 

Proposition G-2 

Pi + P2 + i^r = 1 
The proof is straightforward. Recalling the definition of projection operators, we can show that 



Pi + P2 + Pt = 7-^ {D^D^ + D^D'^ - 2DD^D) 



1 

-^2 { {d'^d^ - dd'^d) + [d'^d'^ - dd'^d) } 



= ^2iDi^P^ + Di>D). 
In the last equality, we use Proposition G-1. We moreover rewrite this as 

Pi + P2 + Pr = ^{DarpD^ + DarBD" 



^ [Dya^Dp + DafpDP 



\-^ (D^'aDp + DafpD^ 



2p 



^/.l^",^/.} 



48 



= 1. 

Then the statement has been proved. 

We can indicate the niultiphcation rules of these projection operators as follows: 



left \ right 


Pi 


P2 


P+ 


P_ 


Pt 


Pd 


Pi 


Pi 




P+ 








P2 




P2 




P_ 






P+ 




P+ 




Pi 






P_ 


P- 




P2 








Pt 










Pt 


Pd 


Pd 










Pd 


Pt 



Table 2: The multiplicative property of oparators 



In particular, 



P+P2 = jD'^D'^D'^ = jD"^ \d'^,d'^] 

8(-p2)2 8(-p2)2 



iL)2 



2v^ 



P^ 



and similarly, 



We can also show that 



P^P^ 



8(-p2)2 



d'^d^d^ = P, 



P^Pi = jD'^D^D^ = 3- [d^,d'^] d 



iD^ 



-p2)2 8(_p2)2 



2^^ 



p_ 



and 



P^P- 



-p2)2 



J^2jj2j^2 ^ p__ 



Noting that 



Pt 



DD^D DD'^D 



2p2 2p2 ' 

it leads to a vanishing result to multiply Pt by Pi,P2, P+ or P_ . Similarly, since 

iDD iDD 



Pd 
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we obtain a vanishing result if we multiply P^ by Pi,P2, P+, or P_. 
We can show P^ = Pt as follows. First, noting that 

DD'^D = D^PP- - 2Di)D = D^D^ - 2Di)D, 

we see that 

p2 ^ ^^[Di>D){Di>D)=^^D^DPD,D'rpfs- (75) 

Then we use the Fierz identity: 

fpf, = -tT [TBi> TAi>\ r%r^°, = -tT \f\ dy% + jtr [^,^^j] r\i 



A'7 ^MOL 
5 



When we substitute this for (I75p and note that D^^D = 0, we can show that 

Pt = ^D^D^D,D'5y^s = ^D^D^DpD- = -^D^D^Df'D- = -^DD'D = PT. 
We can similarly show that P^ = Pd- Note that 

Pd = ^{DD){DD) = ^^D^D^D,D'5^p5\ 

By using the Fierz identity, we see 

We can therefore show that 

Pd = ^D^D^D,D'sy-s = ^D^D^DpD- = -^DD'D = PT. 
We will now show that PtPd = Pd- First note that 

PtPd = -—^{dd'd){dd) = -—^{d4d\d-]){dd) 

= ^-^{D^D){DD) = ^-^D^DPD,D'rfsS\ (76) 

(-p2)2 (-P^)2 



Then use the Fierz identity as follows: 



fS" 5 = ^^i'LJ^A/'J-BJi /3^ 5- 



An = -tr[r^|irB]r%r^" 
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Subsituting this for (j76p . we see that the factor D^T ^ gD^ vanishes if T^ = 7^. The reason for this 
is D'-f'^D = 0. Non-zero contribution, therefore, occurs if and only only if F = il, namely, 

PtPd = '-^D^D''D^DhT[^,,]6^,j'"', 

4(-p2)2 



2(-p2)2 
2(-p2)2 

2(-p2)5 



I 



-& {Dm ^ {D^, &\ {i^Df 



2(-p2)l ■ ' ■ 2(-p2)t 



DfD 



iDD 



= Pd. 
In the same way, we can show that 

PdPt = Pd- 



Appendix H Propagators of auxiliary component fields 

We here derive the expression (j4ip and (j42p from the superpropagator of the auxiliary field 



{V{-p,9',6')V{p,e,6)\ = ^l(p^).Vy'6^'\9-9') , (77) 



where 



1 1 DD'^D-AmDD a , ^-^ -, ,, 



"- = ^ri;;? ? + -AD-D- + D'D^-). (78) 

We will first expand the left-hand side of ()77p in components. Choosing the Wess-Zumino gauge, the 
auxiliary field V can be written as 

V = m + Moe + -e^ex + -e^ex + ^e^Po. 

2 2 4 

Then we see that the propagators of Af and v^ can be obtained by taking terms proportional to 9'9'99 
in (f77|) . namely, 

(y(-p,0',e"OF(p,e,e")>J^(^-,^,^-^^ = (e-'[^(-p) + M(-p)]0'^[^(p)+M(p)]0>Q. (79) 
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In the right-hand side of ([77|) . we can show that 



1)2^2^(4) (0 _ 0' 



o( 



4exp 



1 



2 
1 / 1 



2! V 2 
{9^9) {9'p') . 



- -9'p' + 9p' 

1- - \' 

9p - -9'p' + 9p' J 



o{ 



oie'e'i 



Similarly, we see 

We can also show that 
D{:^ + 2m)D6^^\9-9') 



D^dH^^\9-9') 



o(8'e'i 



{9p) {9'p') 



(80) 



(81) 



o{e'9'ee) 



lmj^ + 2mr,±5^'\9-9') 

P 



o{e'e'ee) 



+ 



89° 



-)i^ + 2mr^(^-l{Pf)s^'\0-0') 



o( 



lmj^ + 2mr^±6^'\9-9') 



o{9'e'ee) 



l{^ + 2mr,{pf^6('\9-9') 



o( 



+ }-(^ + 2mr^fJ'\9-9') 



■i\P 



{9i>)^{i> + 2mTp{9-9'Y[9-9') 



o( 



oie'e't 



+ i^ + 2mr^{Pf{0-0')j9-9') 
+ -tr [p2 + 2m|^] {9 - 9'f [9 - ¥ 



0{9'e'6 
2 

o(e' 



^9{p'^ + 2mi))9' {99') -^9{p^ - 2m^)9' {99') +p'^ {99') {99') 



p^ {99') {99') + m {9p') {99') + m {9p') {99') . 



(82) 



By using the Fierz identity, we obtain 



{9p') {99') 



-\iT[TATB] {eT^9) {9'V^9') = -\ {9^^9) {9' ^,9') - \ {9^ {9' 9') , 

-^tv[TA^rB]{9T^9){9'T''9') 

-\tr{^,^j,) {9j'^9) {9'^''9') - \tr{j,^) {9^^9) {9'9') - \tr {^j,) {99) {9'Y9') 

-\e,,.f {h'O) {9'^''9') - \ {9P) {9' 9') - \ {99) {9'P') , 

-\^,puf {HQ) (^'7^^"') + \ {m {0'~Q') + \ (^"^) {^'P') ■ 
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Then the equation ([82]) becomes 



o{e'e'9e) 



- Y [(^7^^^) {0'l^.e') + {99) {9'9')] - ime^p^pP (9^9) {9^9') 

^ [(^V^) {0'7^.9') - (99) {9'9')] - ime.^.p" (h^e) {9^9') . (83) 



From ([50]) . ([HT]) . ([5H|) . and ([7H]) . we can evaluate terms propotional to 9' 9' 99 in ([77]) as fohows: 
{V{-p,9',9')V{p,9,9)\\^^^,^,^^^ 



4-71" i 



/(/ 



{9'^9') {9p) ^ [(^'7^^') (^7^0) - {9' 9') [99)] - ime^^ppP {9^6') {h^O) 



'2 — 4m^ 



P 



2p2 



p^ 



a 






-. ip'P') m) 



1 



Comparing this to (j79p . we can show that 



(^'^(-p)t;'^(p))o 
(M(-p)M(p))o 
(^'^(-p)M(p))o 



N ^^'\p^-Am? 



-r/M. + ^ (^1 - ^ (P' - 4"^') J + ^^i^upP' 



2mi 



Aixi 



I{p 



1 



jV p2 — 4?Ti-2 ' 



0. 



These coincide with the results in [7]. 
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